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Recycle continuous-flow electrophoresis (RCFE) is a modification of 
Hannig’s thin-film CFE device in which eluant is continuously recycled to 
the chamber inlet. Shifting the recycled eluent laterally a specific dis- 
tance prior to reinjection enables the RCFE to separate any two solutes 
to arbitrary purity. This paper studies solute transport in an idealized 
RCFE in the absence of diffusion. The model is solved analytically by 
means of a two-sided Laplace transform. Three distinct types of solute 
distribution are found, and guidelines for construction and operation of 
an RCFE are derived. 
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introduction 
The success of electrophoresis as the underlying principle in a 

variety of analytical- and preparative-scale separation tech- 
niques inspired development of larger scale continuous appara- 
tuses as early as 1939 (Philpot, 1940). The current rapid devel- 
opment of commercial biotechnology has rekindled interest in 
large-scale zone electrophoresis for downstream processing. Ap- 
paratuses proposed or demonstrated include the velocity-gra- 
dient stabilized Biostream or Philpot-HarweH apparatus 
(Mattock et al., 1980), the continuous rotating annular electro- 
phoresis (CRAE) column (Yoshisato et al., 1986), “thick film” 
continuous-flow electrophoresis in space, and the recycle contin- 
uous-flow electrophoresis apparatus considered in this paper. 

Our recycle continuous-flow electrophoresis (RCFE) appara- 
tus is based on Hannig’s thin-film continuous-flow electrophore- 
sis (CFE) apparatus, developed some thirty years ago (Svensson 
and Brattsten, 1949; Grassmann, 1950; Grassmann and Han- 
nig, 1953; Barrolier et al., 1958; Hannig, 1969). In CFE, 
sketched in Figure 1, a laminar curtain of buffered carrier fluid 
passes through a broad, thin chamber. The feed mixture is intro- 
duced into the curtain as a thin stream. The mobile components 
electrophorese laterally as they pass between the electrodes and 
are collected in separate fractions a t  the chamber exit. Cooling 
jackets (not shown) external to the broad transverse walls 
remove Joule heat dissipated by the electric current. 

This apparatus design requires a compromise between 
throughput and resolving power. Throughput increases with the 
transverse gap width, but several factors degrade resolution as 
gap width increases, and there are fundamental limits to gap 
width imposed by cooling considerations. Cooling efficiency and 
viscous stress decrease as the gap is widened, making the liquid 
film vulnerable to thermally induced buoyancy instabilities 

(Saville and Ostrach, 1978). Consequently the transverse di- 
mension of terrestrial CFE chambers has been limited to 0.5-1 
mm. 

Solute bands disperse laterally by “crescent formation” 
(Strickler, 1967), which results from the superposition of two 
convective effects. First, the solute’s residence time varies with 
transverse position due to the curtain’s laminar velocity profile. 
Solute near a transverse wall remains in the electric field longer 
than solute near the centerline and experiences a greater electro- 
phoretic deflection. Second, electroosmotic flow along the trans- 
verse walls sets up a recirculating lateral flow, dispersing the sol- 
ute convectively. It is possible to influence crescent formation by 
coating the chamber walls with a material of suitable zeta 
potential (Strickler and Sacks, 1973), but it can be eliminated 
entirely for only one component of a mixture and is difficult to 
control. Crescent formation is mitigated in practice by injecting 
feed through a narrow tube, of diameter 20-30% of the gap 
width, centered in the gap (Hannig, 1982). This restricts solute 
to the portion of the flow field having the most uniform velocity. 
Compared with a square feed port spanning the gap, throughput 
is reduced by roughly O( 10). 

The modifications that transform CFE into RCFE are pri- 
marily intended to address the problem of crescent formation, 
but also have important implications for hydrodynamic stability 
because they allow operation a t  reduced power input. 

RCFE is illustrated in Figure 2a. Recycle streams connect the 
exit and entrance planes so that the curtain cycles repeatedly 
through the electrophoresis chamber. The recycle streams are 
connected to shift the curtain laterally the distance s on each 
cycle. Feed is injected directly into a recycled stream, although 
this will produce a slightly nonuniform velocity field. Should 
this prove too disruptive, solvent could be removed from the 

474 March 1988 Vol. 34, No. 3 AIChE Journal 



z (lateral) 

y (transverse) 

x (axial) 

z 

Figure 1. Classic thin-film CFE. 
As buffer curtain carries feed mixture through electrophoresis 
chamber, mobile species migrate laterally, forming electrophoretic 
spectrum at chamber exit. Residence time and electroosmotic 
effects distort solute band cross sections into crescents, producing 
overlapping flux distributions (.I) at the exit 
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Figure 2. Recycle CFE. 
a. Each exit port in recycle section is connected to an inlet port by a 
recycle stream; here the buffer curtain is shifted left one port on 
each cycle 
b. In a complete RCFE apparatus buffer is injected through uncon- 
nected inlet ports on either side of recycle section, and purified prod- 
ucts are withdrawn through exit ports flanking the recycle section 
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recycle stream by ultrafiltration. The quantity of solvent 
removed also influences the concentration at  which products 
may be recovered. 

Figure 2b depicts the entire RCFE flow scheme. Within the 
recycle section, exit and inlet ports are connected by recycle 
streams. A uniform velocity field is maintained by injecting car- 
rier fluid through the extra inlet ports, while purified products 
are withdrawn through the exit ports flanking the recycle sec- 
tion. All streams have identical flow rates. 

Purified products are found at opposite sides of the recycle 
section because the shift imparts a lateral velocity to the curtain. 
If s is properly chosen, this lateral flow will oppose the solutes’ 
electrophoretic migration and wash the slower solute down- 
stream while the faster solute continues to migrate upstream. 

In RCFE, crescent formation occurs just as in conventional 
CFE, but its effects are  mitigated by recycle because mixing 
within each recycle stream homogenizes the concentration 
within each stream. The solute distribution impinging on an 
exit port is thus averaged and redistributed uniformly over the 
corresponding inlet port. The solute will appear to have a large 
transverse dispersion coefficient. This produces an interesting 
manifestation of Taylor dispersion, in which the mixing and dis- 
persing processes occur in separate parts of the apparatus, 
rather than simultaneously as in Taylor’s experiments (Taylor, 
1953). This effect is fundamental to RCFE operation: When 
observed over many cycles, the solute band will appear to dis- 
perse diffusively rather than convectively. If n is the number of 
cycles a solute moiety has made, then its dispersion will be pro- 
portional to Jii, while its electrophoretic displacement will be 
proportional to n (Gobie, 1987). Thus the rate a t  which two sol- 
utes separate exceeds the rate a t  which dispersion remixes them, 
and they can be separated to any desired purity if n is large 
enough. 

Experiments in our laboratory with an RCFE apparatus hav- 
ing 50 inlet and outlet ports have validated the foregoing argu- 
ments. The results are in qualitative agreement with previously 
published models (Gobie et al., 1985) and with the model pre- 
sented below. These results have been presented in a separate 
report (Gobie and Ivory, 1987). 

Theory 
There are many different approaches one can take to model- 

ing RCFE (Gobie et al., 1985; Gobie, 1987). Here we develop a 
simple yet rigorous model that reveals the fundamental behavior 
of RCFE and its limiting ideal performance. 

We assume that the recycle section is infinitely wide and that 
the recycle ports have infinitesimal lateral width, i.e., that they 
are continuous. This frees us from specifying mathematically 
how the purified solute is collected and simplifies treatment of 
the recycle streams. Infinitesimally wide ports in fact represent 
a desirable physical limit in which dispersion arises solely from 
crescent formation. 

We further assume that phenomenological coefficients are 
constant, and that the electric field is uniform. 

Solute transport within the chamber is described by the con- 
tinuity equation, 

1: 3 + u, + u, - - u,(l - (y/B)Z) - = DV2C (1) 
[ 2  
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where uo is the centerline velocity, 2B is the gap width, uE is the 
electrophoretic velocity, and u, is the electroosmotic velocity a t  
the wall. The electrophoretic velocities are defined as the prod- 
ucts of the electric potential gradient and a characteristic mobil- 
ity. 

Transverse and lateral boundary conditions are 

30 
selected so that the solute has a net positive lateral velocity. Con- 
centration therefore falls to zero for negative values of z ,  and 
since the ratio of solute to solvent in the entire chamber is con- 

value for positive values of z.  We can obtain this value with a 

20 

stant, concentration must approach a constant nonzero far-field 
10 

ac 
- = O a t y =  tB 
aY 

= l o  - B 

B s -1.0 

- 

The lateral condition, Eq. 3, is deduced from the fact that the 
ratio of solute to solvent is constant because both are introduced 
at  constant rates in the feed and neither is removed from the 
apparatus. Sufficiently far from the feed, dispersion smooths out 
any variation in concentration. 

The axial boundary condition expresses the operation of the 
recycle streams. We assume that there are no axial, lateral, or 
transverse gradients a t  an inlet port. Supposing that an inlet port 
with lateral coordinate z is connected to an exit port a t  z - s, the 
convective flux through the inlet port is the product of axial 
velocity and the mean concentration entering the exit port: 

L is the length of the chamber, s is the recycle shift, and Co is the 
feed concentration. Feed injection is modeled as an impulse 
located at the origin, and we assume it does not alter the velocity 
field. 

Far-Jield concentration 
Before proceeding with the microscopic model, it is interest- 

ing to pursue the implications of the observations made in con- 
nection with the boundary condition, Eq. 3.  Consider a macro- 
scopic mass balance on a control volume as indicated in Figure 
3. The volume extends the entire length of the chamber, and 
from the point z,  leftward to -m. It includes the feed. Assume 

Feed 
Inlet plane ..I._ ....................... __..r_ ...... ~ ............................... ~ ...... 

+ j r" 
; x  c+o 

........ ._..._._ ..,, ~ .-............. ~ ........... _._. .._ .......................... 
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20 

Figure 3. Control volume used for deriving far-field con- 
centration. 

[ -m, zo] and an integral over [z,, zo - s], we obtain 

NOW let the point zo be far enough from the feed that disper- 
sive forces average out all variation in concentration. The fluxes 
becomes products of concentration and mean velocity, yielding 

Equation 7 defines the far-field concentration. The center 
form shows it is the ratio of the solute's axial to lateral velocity, 
i.e., the concentration ratio a t  which the axial and lateral con- 
vective fluxes balance. From the extreme righthand side, this is 
equivalent to the reciprocal of the solute's mean displacement 
after a single transit of the chamber and recycle streams. Both 
forms imply that the sign of CFF indicates on which side of the 
feed we will find the far-field concentration. 

The far-field concentration is plotted in Figure 4 for a partic- 
ular choice of chamber length LIB, and shift s/B, as a function of 
scaled electrophoretic velocity, ( u z ) / (  u,) = p E / (  u x ) .  For an 
electric field less than the cricial value E, = -s (  ux)/(L,,),  all the 
solute eventually winds up on the left of the feed. As E 
approaches E,  the far-field flux increases without bound. When 

-1 0 " I  
\ 

I 
0 0.1 0.2 

The integral on the lefthand side of Eq. 5 represents solute -30 
entering the control volume along the inlet plane. The terms on 
the righthand side represent solute leaving the volume through 
the exit plane and through the surface a t  zo. After replacing the 
integrand on the lefthand side with the recycle boundary condi- 
tion, Eq. 4, and breaking the new integral into an integral over 

< uz > 
< u, > 

Figure 4. Far-field concentration as a function of electro- 
phoretic velocity. 
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E exceeds E, the solute’s mean displacement on each cycle is 
positive, and the far-field flux occurs to the right of the feed. 
Further increasing E diminishes the far-field concentration. 

CFF becomes singular when E = E, because a t  this value of E 
convective removal of solute from the control volume ceases. 
This result indicates that RCFE can concentrate solutes above 
their feed concentrations. Whether the material can be with- 
drawn from the apparatus a t  this concentration is another mat- 
ter, which we will consider further in the discussion. 

Zero-diflusion model 
The general model, Eqs. 1-4, is extremely difficult to solve 

because the continuity equation is nonself-adjoint. I t  has been 
solved for the case of solute making a single transit of the elec- 
trophoresis chamber (Gobie, 1987), but the solution is too com- 
plex to aid us here. To simplify the analysis, we consider the 
limit of zero diffusion, D = 0. Choosing the dimensionless vari- 
ables given in Table 1, the model becomes 

Table 1. Scaling and Dimensionless Parameters Used in 
Zero-Diffusion Model 

6 = x ~ B  

X = LIB 
t = U E f U 0  

1) = Y/B 
u = u,fuo 

y = d + X(c - u f 2 )  

p = A(€ + u )  
c* = CfC, 

{ = z /B  
= SIB 

for concentration at  the chamber inlet. Concentration elsewhere 
in the chamber can be found using Eq. 1 1. 

Equation 12 can be shown to be a Volterra equation of the 
second kind. However, it is convenient to leave it in its present 
form and apply a two-sided Laplace transform (van der Pol and 
Bremmer, 1955). 

The two-sided Laplace transform shares most of the opera- 

well suited to handling the recycle shift in Eq. 12 through the 
familiar shift rule, L[f(z - s)] = L[f(~)]e-~’. The two-sided 
transform is easier to invert than the more commonly used expo- 
nential Fourier transform when the transform involves a rather 
rare transcendental funciton. And whereas the Fourier trans- 
form would require that C*({) decay to zeros as I{l - 0, the 
Laplace transform is less strict, requiring C*({) to be of expo- 
nential order. C*({) clearly meets this requirement by the con- 

= 0 (8) tional properties of the better known one-sided transform. It is 

3 
p ( 0 ,  TJ, = ~ l’ (1 - $)c* (1, TJ, { - a) dTJ + q{) (9) 

0 

ac* -- O as J{I -+ m 

a{ ( lo)  

dition of Eq. 3. 
Applying the Laplace transform to Eq. 12 removes TJ from the 

argument of C*, so that one easily finds the Laplace transform 
of the solute distribution at the chamber inlet to be 

In scaling Eq. 4 one obtains an integral over [ - 1, 11. This 
interval has been changed to [0, 11 in Eq. 9 since the integrand is 
an even function of q .  

Transverse boundary conditions are no longer required. 
Equation 8 is readily solved by characteristics to give 

Equation 8 is the basis of numerous models of conventional 
CFE, due to its simplicity and the fact that for most species sep- 
arated by electrophoresis the Peclet number is O( lo4) a t  least. 
Strickler (1967) used the solution, Eq. 11, to estimate the contri- 
bution to dispersion due to crecscent formation. Vaughn (1983), 
Saville and Ostrach (1978), and Gionnovario et al. (1978) con- 
structed models of solute transport incorporating temperature- 
dependent transport properties and employed a computer to 
solve Eq. 8 by ray-tracing. 

When Eq. 11 is substituted into the recycle boundary condi- 
tion, Eq. 9, we obtain an integral equation, 

Now comes the problem of inverting this Laplace transform. 
We give two inversions, one useful for qualitative study of the 
solute distribution in RCFE, and a second that can be used for 
computations. 

Qualitative inversion 
The analytic continuation of the integral appearing in the 

denominator of Eq. 14 is a Kummer function of the second kind 
(Abramowitz and Stegun, 1964; Lebedev, 1972). Using the 
Kummer function’s asymptotic expansion in terms of a hyper- 
geometric function and the Taylor series 

1 
1 - - x  
- = l + + + - x * + X 3 + - .  

.c* [ c - a - 1  (1’ -- :I u)] dq + &({) (12) we can obtain (van der Pol and Bremmer, 1955) the “qualitative 
inversion” 

C*(S) = W) +yen + p ( u ) f ( l .  - u )  du Concentration at  the inlet plane is independent of TJ because of 
mixing in the recycle streams. Since only the concentration at  -m - 

+ /- /-mf(v)f(u - v)f({ - u - v) du dv + - . (16) 
the inlet plane appears in Eq. 12, the first two arguments of C* 
have been dropped. In the remainder of this paper C*({) stands -m m 
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where 

Depending on y and @, the Heaviside function H( - ) in Eq. 17 
will introduce [ into either the upper or lower limits of integra- 
tion in Eq. 16, so Eq. 16 has the classic form for the solution of a 
Volterra equation. As is typical of such a solution, a causal rela- 
tionship exists between successive terms. The first term is the 
feed, the second is the band’s distribution after passing once 
through the chamber and recycle streams, the third is the band’s 
distribution after a second cycle, and so on. The nth term repre- 
sents the band’s distribution after (n - 1) cycles. Their superpo- 
sition gives the overall solute distribution. 

The function f({) in Eq. 17 is the Green’s function for this 
problem. From the physical interpretation of Eq. 16, setting u = 

0 in Eq. 17 gives the solute distribution that would be observed 
at  the exit plane of a conventional CFE apparatus operating 
under zero-diffusion conditions with a line-impulse feed distri- 
bution. This expression is used below to compare separation in 
RCFE and CFE. 

The groups y and @, defined in Table 1, play prominent roles 
in this solution. Their physical interpretation is the following. 
Because the velocity (c - v / 2 )  occurs a t  the chamber centerline, 
y is the displacement of the solute band’s head or leading edge 
on each cycle, Figure 5 .  Since y + P / 2  = a + 312 k, @ deter- 
mines the displacement of the band’s head from its mean, and 
therefore measures the intensity of dispersion (crescent forma- 
tion). Equation 17 shows that @ sets the lateral scale of the dis- 
tribution, thus the distribution scales with the intensity of cres- 
cent formation. 

Studying the trajectories of the solute band’s mean and head 
reveals that three distinct types of overall solute distribution are 
possible under zero-diffusion conditions. Assuming @ > 0: 

Case 1, y > 0, y + @/2 > 0. This situation is illustrated in 
Figures 5 and 6a. The head and mean of the band travel right on 
each cycle. Since the solute’s lateral velocity is positive, the far- 
field concentration occurs on the right. The left edge of the dis- 
tribution will be quite sharp because it is formed by the band on 
its first pass. No solute will be found to the left of the feed. 

Figure 5. Physical interpretation of groups y and 8. 
-y is distance band’s head advances on each cycle 
j3 measures intensity of crescent formation 
y + j3/2 is distance band’s mean advances on each cycle 

Case 2, y < 0, y + @/2 > 0. This case is shown in Figure 6b. 
Solute is found on both sides of the feed because the head of the 
band is displaced to the left on each cycle. Because the solute’s 
mean velocity is positive-i.e., the band’s mean is displaced to 
the right on each cycle-all the solute crossing into the left half 
of the chamber is eventually sent back to the right half. The 
overall distribution falls gradually to zero on the left, and 
reaches the nonzero far-field value on the right. 

Case 3, y c 0,  y + @/2 < 0. See Figure 6c: the far-field con- 
centration occurs on the left because now the solute has a nega- 
tive net lateral velocity. The overall distribution has a long toe 
extending into the right half of the chamber because a t  infinite 
(and high) Peclet number the band has a long tail. These tails 
overlap to form the toe. 

If @ < 0 then we observe the mirror images of these cases. 
Equation 17 is unsuitable for calculations due to the iterated 

convolutions, so we turn to the second method of inverting Eq. 
14. 

Quantitative inversion 
If the integral in Eq. 14 is replaced with the exact expression 

for the Kummer function (Abramowitz and Stegun, 1964), the 
Laplace transform becomes 

U ( .  , , - )  is the Kummer function of the second kind. 
Equation 18 is inverted by using the general inversion for- 

mula for the Laplace transform, 

The contour integration involved in evaluating Eq. 19 is com- 
plicated by the Kummer function’s branch cut along the nega- 
tive real axis. Details may be found elsewhere (Gobie, 1987). 
The result is summarized in Table 2. The quantities R,  F, and I 
are defined as 

R = E -  
n dL1 , . 

Figure 6. The three types of solute distribution predicted 
by the qualitative inversion. 
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Table 2. Quantitative Inversion of Zero-Diffusion Model 

1 y > o  C ( { ) = R + F + I  C = O  
r + P / 2 > 0  

Y + P i 2  > 0 

Y + P i 2  < 0 

2 y < o  C({ )  = F + I C(() = - R  

3 y < o  ctn = I C ( { )  = - R  - F 

R, F, I, defined in Eq. 20 

The numbers r, appearing in Eq. 20a are the poles of the 
Laplace transform, the zeros of 

Numerical investigation reveals that poles are only found in 
one half-plane: in the left half-plane for a case 1 distribution, in 
the right half-plane for cases 2 and 3.  There are an infinite num- 
ber of complex conjugate poles, and for a case 2 distribution 
there is also a single real pole. The origin is a zero of Eq. 21, but 
its contribution is explicitly handled as the quantity F, Eq. 20b. 

The integral defining the quantity I ,  Eq. 20c, is itself a one- 
sided Laplace transform, which we evaluate numerically by 
transforming the integral to the interval (- 1, 1) and integrating 
with an adaptive quadrature algorithm employing open interval 
formulas. 

Results 
Figure 7 illustrates the effect of the scale factor 8 for a case 1 

distribution. In these and all subsequent figures the impulse 
function simulating feed injection at  { = 0 has been suppressed. 
The nth peak corresponds to the solute band’s nth cycle. The 
band broadens as it cycles through the apparatus, eventually 
overlapping itself to such a degree that the individual passes are 
indistinguishable. As is reduced the solute distribution com- 
presses toward { = 0 and the far-field flux increases. 

Figure 8 samples each of the three solute distributions by 
varying the shift. As the shift increases, the solute distribution 
first squeezes toward { = 0, giving a sequence of distributions 
similar to that for 8 decreasing. But when y changes sign, solute 
“spills over” into the left half of the chamber as shown in Figure 
8b. The head of the solute band now moves leftward on each 
cycle. In Figure 8b the head can be distinguished clearly on its 
first two cycles. Since the band’s mean moves right on each 
cycle, all the solute crossing into the left half of the chamber is 
eventually sent back to the right. As the shift is further 
increased the distribution stretches out along the negative {axis, 
and the far-field flux continues to increase. When the group y + 
/ 3 / 2  changes sign, the far-field flux switches to the negative { 
axis and begins to decrease in magnitude, and we see distribu- 
tions like that in Figure 8c. Now both the band’s head and mean 
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60 80 100 00- 20 

p=10 
3 0.2 
J 
IJ. 0.1 TLLzl 00 20 40 60 80 100 
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p = 5  
0.2 ViEZl 0.1 OO 20 40 60 80 100 

Figure 7. Effect of scale factor 8. 
For all cases, c - I ,  Y = 0, u = 0. As scale factor is reduced, distribu- 
tions remain qualitatively identical 

move leftward on each cycle. Since the band’s tail stretches out 
to the right, we still find solute in the right half of the chamber. 

In Figure 9 we simulate separation of two solutes whose 
mobilities differ by 20%. Table 3 summarizes the conditions for 
this simulation. For comparative purposes, Figure 10 presents ::::I 0 2  

0 1  

OO 20 40 60 80 100 

0 = - I 2  

2 0 4  

02 ..:ii 030 -10 10 30 50 

0 = - 2 0  

0.2 FzLIl 0.1 050 -30 -10 10 30 50 

5 
Figure 8. Effect of shift a. 

For all cases, c = 1, v - 0, A = 10 
As shift increases each of the different qualitative types of solute 
distribuiton is observed 
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Figure9. Simulated separation in RCFE of solutes dif- 
fering by 20% in mobility. 
Inset shows an expanded view of upper curve near z - 0 

the distributions that would be observed if this separation were 
attempted in conventional CFE, with feed injected all across the 
gap, as in RCFE. Whereas no useful separation occurs in CFE, 
RCFE purifies solute 2 within 10 cm of the feed port. To purify 
solute 1 ,  either a considerably wider recycle section is required 
or (preferably) the device should be operated a t  different condi- 
tions. 

Discussion 
Operating conditions 

The qualitative inversion provides useful guidelines for select- 
ing operating conditions. Optimally, these should be selected so 
that the components of a binary feed exhibit distribution types 1 
and 3. Then the leftward migrating component can be collected 
a t  high purity a t  any point left of the feed. The width of the recy- 
cle section required for the separation will depend entirely on 
the desired purity of the rightward migrating component. Purity 
increases rapidly with distance, since the leftward migrating 
component’s tail has the asymptotic dependence {-3. 

The qualitative inversion shows that p sets the lateral scale of 
the distribution, and this is reflected in Figures 7 and 8 where 
concentration reaches its far-field values a t  a distance of 5-6p. 
Thus B provides a simple estimate of the relaxation distance on 
the side of the feed on which the far-field flux occurs. 

In general, two solutes can be separated when the group u + 
3/2Xt has opposite sign for the two solutes. In practice one will be 
faced with choosing the optimal electric field strength, since the 
shift is difficult to change once the device is assembled. So to 
separate two species with mobilities pl > p2, one must choose E 
within the range 

Table 3. Conditions for Separation Simulated 
in Figures 9 and 10 

B = 0.1 cm 
uo = 0.5 cm/s 
L = 16.cm = 2.15 lo-‘ cm/s - cm/v 
s = -0.3 cm 

pI = 3 . 1 0 - ~ c m / ~ .  cm/v 
p2 = 2.5 . lo-‘ cm/s . cm/v 

E = 24 v/cm 

31- 
2 

X 

L L  
3 

1 

0 
0.0 0.1 0.2 0.3 0.4 0.5 

z (cm) 

Figure 10. Simulated separation in conventional CFE of 
solutes differing by 20% in mobility. 

Additionally, for ease of separation, one would like solute 1 to 
exhibit distribution type 1 and solute 2 distribution type 3. This 
gives the additional constraint 

Constraint 22 must be met to obtain separation. Meeting con- 
straint 23 is desirable, but this depends on the species being 
separated and the intensity of electroosmosis. For example, sup- 
posing that Eq. 22 gives the upper limit on E for a particular 
separation, and that Eq. 23 gives the lower limit, it is easy to find 
that for optimal separability, 

- PWP) ’ P2 
Thus, device dimensions play no role in determining whether 
one solute of a pair will form a type 1 distribution and the other a 
type 3 distribution. We may say that when inequality Eq. 24 is 
met the separation is easy in an RCFE apparatus and difficult 
otherwise. 

If constraint 23 cannot be met, both solutes will be present on 
each side of the feed. Choice of E then depends crucially on the 
apparatus dimensions, for these will determine the trade-off 
between purity and yield of the more important solute. For high 
purity, one would like to choose E to maximize (CT + 3/& 1 for the 
contaminating solute; however, this will simultaneously increase 
the relaxation distance of the other solute, possibly leading to 
loss of a portion of it if the recycle section is not wide enough. 

The separation simulated in Figure 9 illustrates this trade-off. 
It satisfies the definition of a difficult separation. Constraint 22 
requires 21 v/cm < E < 25 v/cm. Within these limits constraint 
23 cannot be met since it requires 31 v/cm < E < 38 v/cm. 
Assuming that solute 1 is the contaminant, we attempt to mini- 
mize the lefthand relaxation distance of solute 1 by choosing 
E = 24 v/cm. From Figure 9, solute 2 could be recovered essen- 
tially pure beyond z = - 10 cm, but a considerable fraction of it 
may be lost because its distribution’s toe extends far into the 
right half of the chamber. Reducing E to shorten the toe will 
lengthen solute 1’s toe, making it more difficult to purify solute 
2. 
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Far-field concentration 
When u + 7 2 h  = 0, the concentration everywhere in the 

chamber becomes infinite. Physically, this means that solute is 
introduced into any control volume containing the feed more 
quickly than it is removed. It can be shown that due to the mix- 
ing occuring during recycle, the solute will disperse laterally by 
Taylor dispersion, so that the standard deviation of the solute 
band will be proportional to Jii, where n is the number of cycles 
the band has made (Gobie, 1987). When u + 3/2Xt = 0, this dis- 
persion will be the only mechanism removing solute from the 
control volume. Since the amount of solute fed to the control vol- 
ume grows linearly with time, concentration will increase until 
some other physical mechanism, such as precipitation, com- 
mences removing solute. 

In an actual RCFE apparatus the ports’ finite lateral width is 
an additional source of dispersion. But this will be Taylor-dis- 
persive in nature, so the above argument holds for both actual 
and idealized RCFE devices. 

Although the recycle section can concentrate a solute above 
its feed concentration, the concentration at  which it can be with- 
drawn from the apparatus is fixed by mass conservation as C/ 
Co= F/Q, where F is the volumetric feed rate and Q is the volu- 
metric flow rate through a single recycle stream. The factors 
affecting F/Q depend upon the apparatus design and the choice 
of operating conditions, subjects better left to a separate paper. 

In an actual RCFE apparatus, the division between the three 
types of solute distribtuion will not be clear-cut. Lateral disper- 
sion introduced by the recycle ports will smear the head of the 
band, dispersing solute in both directions along the z axis under 
all conditions. As the ports are widened, the important disper- 
sive mechanism will shift from crescent formation to mixing in 
the recycle streams. Distribution type 1 will develop a toe simi- 
lar to that of type 2 and will blend into type 2 as the ports widen. 
But constraints 22 and 23 will remain valid, although only 22 
will be of utility. 

Conclusions 
Detailed analysis of an ideal model of recycle continuous-flow 

electrophoresis has revealed useful information for construction 
and operation of an RCFE device. A solute’s far-field concen- 
tration and direction of migration are determined by a simple 
expression involving the chamber dimensions, mobility, and 
electric field strength. 

Three types of solute distribution may be found in RCFE. 
Separation will be easiest if operating conditions can be selected 
such that one solute is found only to the right of the feed, a type 
1 distribution, while the other solute exhibits a rapidly decaying 
toe to the right of the feed, a type 3 distribution. The ability to 
select such conditions depends on the mobilities of the solutes 
being separated and the electroosmotic mobility; device dimen- 
sions play no role. 

The two-sided Laplace transform proved a useful analytical 
tool in this problem, handily accommodating the recycle shift 
and nonzero far-field concentration. Inversion of the transform 
was straightforward (although not trivial). The two inversions 
are complementary, each providing information the other does 
not reveal. 

Notation 

B = chamber half-thickness 
C = concentration 

C” = far-field concentration 
C* - scaled concentration 
Co - feed concentration 
D = diffusion coefficient 

D ( p )  = denominator of Laplace transform 
E - electric field strength 

H( a )  = Heaviside step function 
Jx, J ,  - axial and lateral flux 

L = chamber length 
p = Laplace variable 
r, = a pole of the Laplace transform 
s = shift 

uE = electrophoretic velocity 
uo = axial centerline velocity 
u, = electroosmotic wall velocity 

U(. , . , .) = Kummer function of the second kind 
x ,  y ,  z = axial, transverse, and lateral coordinates 
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Greek letters 
= scaled measure of intensity of crescent formation 

a( .) = impulse function 
6 = scaled electrophoretic velocity 
y = scaled distance head of solute band moves in a single 

X - scaled chamber length 
p = electrophoretic mobility 

Y = scaled electroosmotic wall velocity 
u = scaled shift 

cycle 

p, - electroosmotic wall mobility 

[, q, = scaled axial, transverse, and lateral coordinates 
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